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1. What is a quantum state over time (QSOT)?



Symmetry of space and time
in probabilistic theories?



In classical theories…



𝑃(𝑋, 𝑌)

Positions of events 𝑿 and 𝒀 
in spacetime?

𝑋 𝑌

𝑋

𝑌
Doesn’t matter!

Space-like? Time-like?



𝑋 𝑌
Their correlation 
is still described 

with 𝑃(𝑋, 𝑌)



What about in quantum theory?



𝑋 𝑌

𝑋

𝑌

Space-like

Time-like

𝜌𝑋𝑌

Quantum channels

𝜎𝑌 = Φ(𝜌𝑋)

(Multipartite)

quantum states



Is sensitivity to spatiotemporal structure 
an inherent property of quantum theory?
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an inherent property of quantum theory?







Can we construct
quantum state over time?

"𝜌𝐴𝐵"(𝜌𝐴, ΦB|A) Φ𝐵|𝐴 ⋆ 𝜌𝐴
“Quantum state over time 

function”





Φ𝐵|𝐴 ⋆ 𝜌𝐴 ≥ 𝑂



Φ𝐵|𝐴 ⋆ 𝜌𝐴 ≱ 𝑂





(a) Hermiticity
(b) Preservation of probabilistic mixtures
(c) Preservation of classical limit
(d) Preservation of marginal states
(e) Compositionality



(a) Hermiticity
(b) Preservation of probabilistic mixtures
(c) Preservation of classical limit
(d) Preservation of marginal states
(e) Compositionality

There is no such
state over time function!Actually, there is one!



It turned out that the criteria 
were translated into too strong 

mathematical conditions





Φ𝐵|𝐴⋆𝐹𝑃 𝜌𝐴 =
1

2
{𝜌𝐴 ⊗ 𝐼𝐵 , 𝐷 Φ𝐵|𝐴 }

where 𝐷 Φ𝐵|𝐴 = id𝐴 ⊗ΦB|A′(FAA′)
Jamiołkowski isomorphism
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Φ𝐵|𝐴⋆𝐹𝑃 𝜌𝐴 =
1

2
{𝜌𝐴 ⊗ 𝐼𝐵 , 𝐷 Φ𝐵|𝐴 }

where 𝐷 Φ𝐵|𝐴 = id𝐴 ⊗ΦB|A′(FAA′)



(This closed form is known to be equivalent to the pseudo-density 
operator (PDO) when limited to multi-qubit systems)

Φ𝐵|𝐴⋆𝐹𝑃 𝜌𝐴 =
1

2
{𝜌𝐴 ⊗ 𝐼𝐵 , 𝐷 Φ𝐵|𝐴 }

where 𝐷 Φ𝐵|𝐴 = id𝐴 ⊗ΦB|A′(FAA′)







Quantum state over time (QSOT) function
A function ⋆: 𝒞 𝐴, 𝐵 × 𝒮 𝐴 → 𝐴⊗ 𝐵 that maps 

ΦB|A, 𝜌𝐴 to Φ𝐵|𝐴 ⋆ 𝜌𝐴 is a QSOT function if 

Tr𝐵Φ𝐵|𝐴 ⋆ 𝜌𝐴 = 𝜌𝐴
Tr𝐴Φ𝐵|𝐴 ⋆ 𝜌𝐴 = Φ(𝜌)𝐵



ℰ𝐵|𝐴⋆𝐹𝑃 𝜌𝐴 =
1

2
{𝜌𝐴 ⊗ 𝐼𝐵, 𝐷 ℰ𝐵|𝐴 }



“state-rendering”

“state-rendering function”“conditional quantum state”

(This part requires reduction to classical state rendering 
function, which may warrant a separate axiom.)





𝐴0 𝐴1 𝐴2 𝐴3

N-chains

𝓔 = ℰ1, ℰ2, … , ℰ𝑛 ∈ 𝐂𝐏𝐓𝐏 𝐴0, 𝐴1, … , 𝐴𝑛
⇔ ℰ𝑖 ∈ 𝐂𝐏𝐓𝐏 𝐴0, 𝐴1, … , 𝐴𝑛  for all 𝑖 = 1, … , 𝑛





Truncations of n-chains

QSOT function, QSOT product, 
spatiotemporal product, start product…

all same



Well, yeah, you CAN do that.

But the problem is, this is by no means
the unique multipartite extension of ⋆.

Common question:

We have a uniqueness result for bipartite QSOTs;
Why can’t we just extend it to the multipartite setting?



Where 𝑪 = 𝐶1, 𝐶2, … , 𝐶𝑛 ∈ 𝐿, 𝑅 𝑛 and ෩𝑪 is the opposite of 𝑪.
☞ Uniqueness problem for multipartite QSOT is highly nontrivial!

There are exponentially many n-chain products that reduces 
to the FP product.



Which axioms should we assume?
As natural as possible, as few as possible.



1. State-linearity
We want our QSOT function 𝓔 ⋆ 𝜌 to be linear in 𝜌.

Good : consistency with statistical reasoning
Easily extends to the multipartite setting



2. Conditionability
We want our QSOT function 𝓔 ⋆ 𝜌 to behave

similarly with classical probability distributions.

Especially: We want to be able to ‘condition’ on an initial state



For QSOT, it amounts to the following assumption.



Surprisingly, these two assumptions are enough
to prove the uniqueness of multipartite extension.



The Markovian extension of quantum state over time!





𝑋 𝑌

Prediction
(Quantum channel)

Retrodiction
(Bayes map)

Time



ℰ𝐵|𝐴 ⋆ 𝜌𝐴 = 𝑅𝐴|𝐵
(ℰ,𝜌)

⋆ ℰ 𝜌𝐴

𝑅𝐴|𝐵
(ℰ,𝜌)

≔ Θ𝜌 ∘ ℰ
† ∘ Θ𝜌

−1





(Not necessarily,
I would say)

1. HPTP map in general
(which is okay because quantum state in the past 

need not be positive and Bayesian inference has never a 
physical process)

2. Linear in prior
(which is crucial for statistical reasoning)

3. Can update certainty
(which shouldn’t be surprising because we already know 

𝑆 𝐴 = 0 but 𝑆 𝐴 𝐵 < 0 is possible)





2. Non-causal temporal correlation as a resource
[S. H. Lie and H. Kwon, private communication (2025)]



Q : What is a quantum state 𝜌?

A1 : An object that encodes
the probability distribution  Tr[𝜌𝑀𝑖] for any POVM 𝑀𝑖 .



𝜓 𝐴 0 𝑅 + 𝑈 𝜓 𝐴 1 𝑅)/ 2

𝑝(|±⟩) =
1 + Re(Tr 𝑈𝜌 )

2



Q : What is a quantum state 𝜌?

A2 : An object that encodes
the interference term Tr[𝑈𝜌] for any unitary 𝑈.



𝜓 𝐴𝐵 0 𝑅 + 𝑉𝐴 ⊗𝑊𝐵 𝜓 𝐴𝐵 1 𝑅)/ 2

𝑝(|±⟩) =
1 + Re(Tr 𝑉𝐴 ⊗𝑊𝐵𝜌𝐴𝐵 )

2

It is also true for multipartite states



Q : What is a quantum process?

A1 : A combination of an initial state 𝜌
and a transformation 𝑈.



𝑈 𝜓 𝐴 0 𝑅 +𝑊𝑈𝑉 𝜓 𝐴 1 𝑅)/ 2

𝑝(|±⟩) =
1 + Re(Tr 𝑊𝑈𝑉𝜌𝑈† )

2

What about quantum processes?



Q : What is a quantum process?

A2 : An object that encodes the interference term
of the process interferometer!



• Let’s look into the interference term Tr 𝑊𝑈𝑉𝜌𝑈† .

Tr 𝑊𝑈𝑉𝜌𝑈† = Tr (𝑉𝐴 ⊗𝑊𝐵)(𝜌𝐴 ⊗ 𝕀𝐵)𝐷 𝒰𝐵|𝐴

= Tr 𝑉𝐴 ⊗𝑊𝐵 𝒰𝐵|𝐴 ⋆𝑅 𝜌𝐴

• The right-bloom naturally arises.



Φ𝐵|𝐴⋆FP 𝜌𝐴 =
1

2
𝜌𝐴 ⊗ 𝐼𝐵 , 𝐷 Φ𝐵|𝐴

Φ𝐵|𝐴⋆𝑅 𝜌𝐴 = (𝜌𝐴⊗ 𝐼𝐵) 𝐷 Φ𝐵|𝐴

Φ𝐵|𝐴⋆L 𝜌𝐴 = 𝐷 Φ𝐵|𝐴 (𝜌𝐴⊗ 𝐼𝐵)

CHEAT SHEET



• This result generalizes to general channels ℰ 𝜌 = TrE 𝑈 𝜌𝐴 ⊗ 0 0 𝐸 𝑈† .

𝜓 ⊗ 0 𝑊⊗ 𝕀 𝑈 𝑉 ⊗ 𝕀 𝜓 ⊗ |0⟩

Tr𝐴 𝑊Tr𝐸[𝑈 𝑉𝜌⊗ 0 0 𝐸)𝑈
†

= Tr 𝑊ℰ 𝑉𝜌

= Tr (𝕀𝐴 ⊗𝑊𝐵)(𝑉𝜌𝐴 ⊗ 𝕀𝐵)𝐷 ℰ𝐵|𝐴

= Tr 𝑉𝐴 ⊗𝑊𝐵 ℰ𝐵|𝐴 ⋆𝑅 𝜌𝐴

• Therefore, you can indeed say that QSOTs are indeed quantum states;
they encode the interference term. (𝜌𝐴𝐵 = ℰ𝐵|𝐴 ⋆𝑅 𝜌𝐴)

• But why the right-bloom, not the FP function?



• This kind of interferometric setting has the property of being spacetime-agnostic.

• You can just give out instructions to local parties to implement it without knowing their 
spatiotemporal relation.

Spacetime black-box interferometry

I don’t care when and
where they are. They 

will measure their 
quantum state for me!
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• Nevertheless, instructions are executable and if there are multiple executable ways, then 
the measurement outcome is consistent results regardless of their spatiotemporal 
relation.

Spacetime black-box interferometry

I don’t care when and
where they are. They 

will measure their 
quantum state for me!



• When we say that a quantum state 𝝍  at 𝒕 = 𝒕𝒂 evolves into 𝑼 𝝍  𝒕 = 𝒕𝒃
through a process 𝑼, we are making a significant assumption that the past 
and the future are fundamentally distinguishable.

• However, who said 𝒕𝒃 > 𝒕𝒂?

• A quantum state 𝑼|𝝍⟩ at 𝒕 = 𝒕𝒃 evolving into 𝝍  at 𝒕 = 𝒕𝒂 through 𝑼† is 
also a perfectly fine description of the same dynamics.

• Notice it is different from saying that you cannot distinguish 𝐴 from 𝐵.

Temporal symmetry



• Hence, without reference systems, our prediction of the interference term 
cannot prefer one temporal direction over the other.

• It should be the even mixture of

Tr (𝑉𝐴 ⊗𝑊𝐵)(𝒰𝐵|𝐴 ⋆𝐿 𝜌𝐴) and Tr[ 𝑉𝐴 ⊗𝑊𝐵 𝒰𝐴|𝐵
† ⋆𝑅 𝑈𝜌𝑈𝐵

† ].

• Note that 𝒰𝐵|𝐴 ⋆𝐿 𝜌𝐴 = 𝒰𝐴|𝐵
† ⋆𝑅 𝑈𝜌𝑈𝐵

†.

• Hence the interference term takes the form of Tr (𝑉𝐴 ⊗𝑊𝐵)(𝒰𝐵|𝐴 ⋆𝐹𝑃 𝜌𝐴) !

Temporal symmetry



• But IRL we can easily tell past from future easily and access to the right-
bloom.

• How is this possible?

Temporal asymmetry



• But IRL we can easily tell past from future easily and access to the right-
bloom.

• How is this possible?

Temporal asymmetry

• Clocks!

• A clock actually has two roles:

(1) It tells us what time it is (time-map)
(2) It tells us into which direction the time flows. (time-compass)



• Recall how clocks work.

• A clock and another system, although they do not really interact,
appear to have SOME correlation.

Clocks?



• But it cannot be captured by the conventional quantum state;
they stay in a product state 𝜌𝐴 ⊗𝜎𝐶 at all time.

Clocks?





• This axiom sounds convincing at first, but in terms of QSOTs, it amounts to saying

ℰ𝐴 ⊗ℱ𝐵 ⋆ 𝜌𝐴 ⊗𝜎𝐵 = ℰ𝐴 ⋆ 𝜌𝐴 ⊗ (ℱ ⋆ 𝜎𝐵)

• However, the information that 𝐴 and 𝐵 were prepared in 𝜌𝐴 and 𝜎𝐵 simultaneously and 
evolve in parallel is a data worth attention!

Tensoriality is not desirable



• The FP function captures this correlation, i.e., in general,

ℰ𝐴 ⊗ℱ𝐵 ⋆𝐹𝑃 𝜌𝐴 ⊗𝜎𝐵 ≠ ℰ𝐴 ⋆𝐹𝑃 𝜌𝐴 ⊗ (ℱ ⋆𝐹𝑃 𝜎𝐵)

Tensoriality is not desirable



• Let’s assume that now you append a ‘clock system’ 𝐶𝐴 that evolves into 𝐶𝐵
sitting next to your dynamics between 𝐴 and 𝐵.

• It does nothing; it is initialized in 0 𝐶𝐴 and just stays there.

• The corresponding QSOT is

ℰ𝐵|𝐴 ⊗ id𝐶𝐵|𝐶𝐴 ⋆ 𝜌𝐴 ⊗ |0⟩⟨0|𝐶𝐴

• Now, what can we use this clock for?

A clock as a resource



Process interferometry with clock

• Now we consider the same interferometry, but with the clock included.

• Consider ෨𝑉𝐴𝐶𝐴 = 𝑉𝐴 ⊗ 1 0 𝐶𝐴 + 𝑉𝐴
† ⊗ 0 1 𝐶𝐴

and ෪𝑊𝐵𝐶𝐵 = 𝑊𝐴 ⊗ 0 1 𝐶𝐴 + 𝑉𝐴
† ⊗ 1 0 𝐶𝐴 .



• Then the interference term becomes

Tr ෨𝑉𝐴𝐶𝐴 ⊗
෩𝑊𝐵𝐶𝐵 ℰ𝐵|𝐴 ⊗ id𝐶𝐵|𝐶𝐴 ⋆𝐹𝑃 𝜌𝐴 ⊗ 0 0 𝐶𝐴)

= Re Tr 𝑉𝐴 ⊗𝑊𝐵 ℰ𝐵|𝐴 ⋆𝑅 𝜌𝐴

• By varying 𝑉 → 𝑒𝑖𝜃𝑉, one can access the Tr 𝑉𝐴 ⊗𝑊𝐵 ℰ𝐵|𝐴 ⋆𝑅 𝜌𝐴 !

• One can now access the temporally asymmetric statistics with the help of a clock.

Process interferometry with clock



• Moreover, for the case of the FP function, the measurement probability  of the 
interferometry

𝑃 =
1 ± Re(Tr 𝑉𝐴 ⊗𝑊𝐵 ℰ ⋆𝐹𝑃 𝜌 )

2

allows for the expression (because ℰ ⋆𝐹𝑃 𝜌 is a Hermitian operator)

𝑃 =
Tr (𝕀𝐴𝐵 ± Re 𝑉 ⊗𝑊 ) ℰ ⋆𝐹𝑃 𝜌

2

• Here 𝕀𝐴𝐵 ± Re 𝑉 ⊗𝑊 are always positive operators that sum up to 𝕀𝐴𝐵 for arbitrary unitary 
operators 𝑉𝐴 and 𝑊𝐵.

• So, they can be interpreted as a POVM element for QSOTs!

POVMs over time



• Physical systems propagating into the same direction in time definitely have correlation.

• This cannot be a spatial correlation; it cannot be conventional quantum state over space.

• This is also not a causation; neither clock nor you watching it is a cause of the other.

• This demonstrates that there exists noncausal temporal correlation, and it is indeed a 
resource for telling time.

• We couldn’t have captured this correlation with the conventional formalism;
The QSOT formalism is a useful tool for analyzing the clock correlation.

• Maybe we can use the framework for constructing a resource theory of dynamical 
resources.

Clock-correlation



Thank you for listening!
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