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Asymptotic limit:

Relative entropy of entanglement

Vedral, Plenio, Rippin, Knight, PRL 1997

D(ρ∥𝒮) := min
σAB ∈ 𝒮A:B

D(ρAB ∥ σAB)

Relative entropy: Stein exponent between two fixed quantum states.

D(ρ∥σ) := Tr [ ρ (log ρ − log σ) ]

D∞(ρ∥𝒮) := lim
n→∞

1
n

D(ρ⊗n
AB ∥ 𝒮An:Bn)

regularisation

Minimise over separable states          relative entropy of entanglement.

Thermodynamic limit
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Main result

Hayashi/Yamasaki, arXiv:2408.02722L, IEEE Trans. Inf. Theory 2025 (arXiv:2408.06410).

Generalised quantum Stein’s lemma    

Stein(ρ∥𝒮) = D∞(ρ∥𝒮)

+

Applies to other quantum resources

+ Solution for almost-i.i.d. source  :  apart from const. many sites i.ρn ρ(i)
n ≈ ρ

Regularised relative entropy of entanglement  D∞( ⋅∥𝒮)

Asymptotic reversibility for magic
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Step 2: Brandão/Plenio axioms

Hilbert space . For all n, set of “easy-to-prepare” free states  ℋ ℱn ⊆ 𝒟(ℋ⊗n) .

1.  closed and convex.ℱn

2.  contains a full-rank state.ℱ1

3.  closed under partial trace:  .(ℱn)n Trm ℱn+m ⊆ ℱn

5.  closed under permutations: ℱn Uπ ℱnU†
π ⊆ ℱn

4.  closed under tensor products:  .(ℱn)n ℱn ⊗ ℱm ⊆ ℱn+m

E.g. separable states
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txn : 𝒳 ⟶ [0,1] , txn(x) :=
n

# times  appears in x xn

Exp many sequences ( ), but only poly many types ( ).|𝒳 |n ≤ (n+1)|𝒳|Fact #2:

 Represent every symmetric ,  in type space instead of sequence space.⟶ pn qn

Fact #1: Law of large numbers   concentrated around type .⇒ p⊗n p

Csiszár and Körner, Information theory: coding theorems for discrete memoryless systems (1981).
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Bn,m : 𝒫(𝒳n) ⟶ 𝒫(𝒳n)
Bn,m(rn) := [ (rn ⊗ )]trm symn+m q⊗m

0
discard  symbolsm

apply a random permutation
full-support q0 ∈ ℱ1

Axioms   maps free states to free states!⟹ Bn,m
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End of classical proof



Quantum version

Lemma (quantum blurring, informal).

Tr (ρ⊗n − 2δ′￼nBn,δ(ρn))+
⟶
n→∞

0 .

Family  that obeys the BP axioms. If the sequence of states  satisfies(ℱn)n (ρn)n

lim
n→∞

1
2 ∥ ρ⊗n − ρn ∥1 = ε ∈ (0,1) ,

then

sum of positive eigenvalues of .Tr+ X := X

The quantum proof works morally in the same way. Q. blurring map  . Then:Bn,δ



Q. blurring map (1.0):

Quantum version
Blurring step is as follows:

Bn,m( ⋅ ) := Trm[symn+m(( ⋅ ) ⊗ ⊗m)]σ0



Q. blurring map (1.0):

Quantum version

Bn,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ⊗⌊δn⌋)]σ0

Blurring step is as follows:



Q. blurring map (1.0):

Quantum version

full-support σ0 ∈ ℱ1

Bn,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ⊗⌊δn⌋)]σ0

Blurring step is as follows:



Q. blurring map (1.0):

Quantum version

full-support σ0 ∈ ℱ1
≥ λmin(σ0) I ≥ λmin(σ0) ρσ0

Bn,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ⊗⌊δn⌋)]σ0

Blurring step is as follows:



Q. blurring map (1.0):

Quantum version

Q. blurring map (2.0):

full-support σ0 ∈ ℱ1
≥ λmin(σ0) I ≥ λmin(σ0) ρσ0

Bρ
n,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ρ⊗⌊δn⌋)]

Bn,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ⊗⌊δn⌋)]σ0

Blurring step is as follows:



Q. blurring map (1.0):

Quantum version
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full-support σ0 ∈ ℱ1
≥ λmin(σ0) I ≥ λmin(σ0) ρσ0

Bρ
n,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ρ⊗⌊δn⌋)]

To prove:

Bn,δ( ⋅ ) := Tr⌊δn⌋[symn+⌊δn⌋(( ⋅ ) ⊗ ⊗⌊δn⌋)]σ0

lim
n→∞

1
2 ∥ ρ⊗n − ρn ∥1 = ε ∈ (0,1) ⟹ Tr (ρ⊗n − 2δ′￼nBρ

n,δ(ρn))+
⟶
n→∞

0 .

Blurring step is as follows:
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Tr (ρ⊗n − 2δ′￼nBρ
n,δ(ρn))+

≤ Tr ( |0⟩⟨0 |⊗n − 2δ′￼nB|0⟩⟨0|
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𝒟μ( ⋅ ) := μa†a( ⋅ )μa†a, λ(δ) :=
1

1 + δ(1 + δ)
, μ(δ) :=

1 + δ(1 + δ)
1 + δ

.
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