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Entanglement testing

® You bought a device that should produce on

demand a known entangled state pyg. o PAB
e > pAB
® Perhaps the device Is maliciously engineered to ey Dan

output a global separable state even after n uses.

How effectively can you decide” (min. number of uses)

—ntangled = non-separable. Separable states:

Sap=conv { |aXal, ® |BXBly: la)s € Zp, |B)p € Hp, IllaYall = Il B)sll =1}



After n uses:




After n uses:

VS




guess H1

After n uses:

guess HZ

Hypothesis 1: Py Hypothesis 2: Gangn € S an- g

ol CIAAE)




Type 1 error: was pﬁ”, guessed separable

lype 2 error: was separable, guessea pﬁ”




Type 1 error: was pﬁ”, guessed separable

lype 2 error: was separaple, guessead pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} < €:



Type 1 error: was pﬁ”, guessed separable

lype 2 error: was separaple, guessead pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} < €:

p.(pl|S) = min{maXTraM: O0<M<I, TI’pMZl—g} (n=1)

cES



Type 1 error: was pﬁ”, guessed separable

lype 2 error: was separaple, guessead pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} < €:

p.(pl|S) = min{maXTraM: O0<M<I, TI’pMZl—g} (n=1)

cES

What to expect: S.(p®" || §,) ~ 27" Find optimal ¢, called Stein exponent:



Type 1 error: was pAB, guessed separable

Type 2 error: was separable, guessed pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} <

p.(pl|S) = min{maXTraM: O0<M<I, TI’pMZl—g} (n=1)

cES

What to expect: S.(p®" || §,) ~ 27" Find optimal ¢, called Stein exponent:

|
Stein(p||S§) = hm liminf — Dg (p®" || 8,) . D{, .= —logp.

-0 n-o0c0 N



Type 1 error: was pﬁ”, guessed separable

lype 2 error: was separable, guessed pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} < €:

p.(pl|S) = min{maXTraM: O0<M<I, TI’pMZl—g} (n=1)

cES

What to expect: S.(p®" || §,) ~ 27" Find optimal ¢, called Stein exponent:

1
Stein(p||$) := lim liminf — Dy (p®" || §,,), D := —log

e=>0 n-oc0 N

k Quantifies “ultimate” performance of ent. testing



Type 1 error: was pﬁ”, guessed separable

Type 2 error: was separable, guessed pﬁ”

Errors are not equally consequential! Minimise Pr{type 2} with Pr{type 1} < €:

p.(pl|S) = min{maXTraM: O0<M<I, TI’pMZl—g} (n=1)

cES

What to expect: S.(p®" || §,) ~ 27" Find optimal ¢, called Stein exponent:

1
Stein(p||$) := lim liminf — Dy (p®" || §,,), D := —log

e=>0 n-oc0 N

k Quantifies “ultimate” performance of ent. testing —» How to calculate it?
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Relative entropy of entanglement

Relative entropy: Stein exponent between two fixed quantum states.

D(pllo) :=Tr | p (logp — log o) |
Minimise over separable states ~» relative entropy of entanglement.

D(p||&) = min D(p,pll o4p)

OsB € S B
regularisation
v | )
Asymptotic limit: ~ D®(p||&) := lim — D (p®" || S yn.p)

L] o

hermodynamic limit Vedral, Plenio, Rippin, Knight, PRL 1997
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Ro(pap = 04p) = —E = Rp(045 — pAB)_ )
(UAB) resource theories
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Main result

Generalised quantum Stein’s lemma +

Stein(p|| &) = D™ (p||S)

Applies to other quantum resources Asymptotic reversibility for magic

Regularised relative entropy of entanglement D*°( -||S$)

+ Solution for almost-i.i.d. source p,, : p,(li) ~ p apart from const. many sites /.

L, /EEE Trans. Inf. Theory 2025 (arXiv:2408.06410). Hayashi/Yamasaki, arXiv:2408.02722
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Abstract even further.

/ —-.Q. separable states

Hilbert space #Z . For all n, set of “easy-to-prepare” free states F, C QZ(%@”) .

1. &, closed and convex.

2. F contains a full-rank state.

3. (#,), closed under partial trace: It,, #,.,, C &, .
4. (&), closed under tensor products: #, @ #, C F

m n+m -
5. F, closed under permutations: U, % U C F
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Hands-on introduction to the theory of types

Def. The type 1, of a sequence x" € X" is its empirical probability distribution:

times x appears in x"

fo: L — [0,1],  1.(x) =

n

Fact #1: Law of large numbers = p®" concentrated around type p.

Fact #2: Exp many sequences (| Z'|"), but only poly many types ( < (n+1)|5[‘).

—> Represent every symmetric p,, g, in type space instead of sequence space.

Csiszar and Korner, Information theory: coding theorems for discrete memoryless systems (1981).
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Step 3: Blurring

Def. Fix n, m (think m ~ on, o small), the blurring map B, ,, is

B,n: P(I") — P
Bn,m(rn) - = [Symn-l-m(rn & q(?m)]

N full-support gy € F
apply a random permutation

Axioms = B, ,, maps free states to free states!
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type p
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pn covers all types =~ p
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= domination p/ < 2™p.
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types

P, =B,,p)<2"B,.(q), B,.q)€EF
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— D! (p®" || F,) < n(d+5)

— lim F,(n) <A < D¥(p||F)
n—0"



p, <2"p, < 2"*B (g,

— D! (p®" || F,) < n(d+5)

types

— D¥(pl|F) = IIm F,(n) <4 <D>(p||F)

e D=(p||F)

Stem(p||F)




— D! (p®" || F,) < n(d+5)

D*(pll#)

= D=(pl|#) = lim F)(n) < 4 < D(p||F)
H—

Stem(p||F)

End of classical proof



Quantum version

The quantum proof works morally in the same way. Q. blurring map B, 5. Then:

Lemma (quantum blurring, informal).

Family (), that obeys the BP axioms. If the sequence of states (p,), satisfies

lim 3 [| p®" = p, Il = & € (0.1),

n— o0

then
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Quantum version

Blurring step is as follows:

Q. blurring map (1.0): B, s(+) = Tr 5 |SYM,p 150 ((-) ® ao®ténJ)]
full-support 6, € F -/
O 2 Amin(0p) 1 2 Apin(60) p

Q. blurring map (2.0): Br/z,),(s( ) = Tryg, [Symn+[5nj (( ) ®p®L5nJ)]

To prove:

lim = [ p®" = p, I, =e€(0,1) = Tr(p® —2°"B’ (p,)) — 0.

n— 00 ’ T n—oo
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Step 1. Wlog, assume p, permutationally symmetric.

Step 2. Purification:
p, =, p®" = I perm. symm. purifications |¢,), |0®") sit. (¢, |0®") > 1 — ¢

0y [0) 10) [0} |0) | &)
Q@@

Now, by data processing:
Tr (p®" = 2°"B? (p,)), < Tr (10X0|®" = 2°"BX(g,))

= Tr (|0X0[®" = 2°"ILY"B°"l(¢,) ITY™)

L
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Step 3. Bosonic lifting = —— embed everything into Fock space!

Pure loss channel:

E)(-):=Tr,U, ((-)®0X0]) U’

U/1 . earccosﬂ (a'b—ab™)

7077

Formal statement of bosonic lifting (d = 2):
Strol Ig COl |Verge| 1ce
/

Sym 7 ]0X0 Sym _S
[T, B,,‘l,(SX (DL — &5 ° D5

T T 1 1 +0o(1 +0)
2,-)=p" (- Hu*e, M) = [+ 5(155)" (o) :=\/ Y -
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Step 4. Solve the problem in Fock space:

?
Tr (10X0] - ME($)) =0 V¥ |4)

. | R 1 ) a” .
Counterexample: coherent states! |a):=e | 7):
n

Jl
g, (laXal) = |\/iaX\/Aa]

Fix: randomise o (i.e. randomise 4). Then it is true that

;td/I,
Tr(\O)(O\—M[O p %,1/(45)) — 0 V1¢)
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Summary

® (Generalised quantum Stein’s lemma:

Stein exponent for resource testing = regularised relative entropy of resource

~» asymptotic reversibiliy of g. resources

BLURRING

® [wo techniques:

Bosonic lifting

~I'm hiring: ludovico.lami@gmail.com / X / Quantiki

Thank you!
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